Abstract. The odderon intercept is calculated directly, from its expression via an average energy of the odderon Hamiltonian, using both trial wave functions in the variational approach and the wave function recently constructed by R.A.Janik and J.Wosiek. The results confirm their reported value for the energy. Variational calculations give energies some 30% higher. However they also predict the odderon intercept to be quite close to unity. In fact, for realistic values of α s , the intercept calculated variationally is at most 2% lower than the exact one: 0.94 instead of 0.96. It is also found that the solution for q 3 = 0 does not belong to the odderon spectrum. The diffusion parameter is found to be of the order 0.6.
Introduction
There has recently been much interest in the odderon, both from experimental and theoretical points of view. On the experimental side, various processes mediated by a C-odd object with an intercept around unity are planned or already under investigation at HERA: the pseudoscalar meson production in ep collisions offers a direct probe for the odderon [1] . On the theoretical side, estimates of the relevant cross-sections have been made, using simplest model for the odderon, just a C-odd state of three non-interacting gluons [2] or a non-perturbative Regge pole at j = 1 [3] . Parallel to this there has been much activity in studying the gluon interaction effects, which presumably change the odderon intercept from exactly unity. In the perturbative QCD approach the odderon is a C-odd state of three reggeized gluons, which interact pairwise with a well-defined potential. The relevant equation is known since long ago [4] . It was shown that it is conformal invariant and splits into a pair of equations for the holomorphic and antiholomorphic parts of the wave function in exactly the same manner as for the pomeron [5] . An operator, later calledq 3 , was also found, which, on the one hand, commutes with the odderon Hamiltonian H and, on the other hand, has a much simpler form than H, thus opening a way to simplify the solution of the odderon problem considerably [6] . Finally, much effort has been put into directly relating the operatorsq 3 and H to avoid using explicit wave functions in search of the odderon intercept [7] [8] [9] [10] . Following this latter line of approach R.Janik and J.Wosiek (JW) calculated the odderon energy for arbitrary complex eigenvalue ofq 3 in [8] . In a later publication [9] they diagonalized theq 3 operator and found both the odderon intercept and its wave function. If one relates the odderon intercept to the odderon "energy" ǫ as
the result of JW for the ground state is ǫ = 0.16478...
Thus they confirm our old conclusion that the perturbative odderon intercept lies slightly below unity [11] .
1 Different autors use different definitions of the odderon energy and therefore of its relation to the intercept. This has to be kept in mind comparing our numerical values with other references.
However a discussion about the validity of their procedure relatingq 3 and H is still going on [12] . In particular, for the eigenvalue q 3 = 0 the result which follows from their procedure is contested [12] (see also Sec. 5).
In view of this dispute a direct calculation of the odderon intercept, which starts from its explicit expression in terms of the wave function, aquires certain importance.
It resolves in a unique manner any ambiguities involved in formal relations between illdefined operatorsq 3 and H and associated with boundary conditions to be imposed on their respective eigenfunctions. Reporting on these direct calculations in this paper, we also present two independent variational results, which can be obtained starting from the direct expression of the odderon energy in terms of its wave function. They present some interest, since the functions determined in a variational procedure may be a good approximation to the exact one, which is quite complicated and ill-suited for practical calculations.
Our direct calculations confirm the value (2) found by JW to be the ground state odderon energy. Our variational calculations with two different forms of the trial function give ǫ = 0.223 and ǫ = 0.226 (3) that is, some 30% higher value for the energy. This change in ǫ corresponds to a 2% change in the odderon intercept, for realistic values of α s . From our calculations it also follows that the value q 3 = 0 does not lead to any physical odderon state.
The paper is organized as follows. In Sections 2 and 3 we review the basic formulas which serve as a starting point for our calculations. Sections 4 and 5 present the results of direct calulations of the odderon energy with a variational and exact wave functions respectively. Some conclusions are drawn in Section 6.
The odderon energy
The odderon energy can be sought as a ratio
where E and D are energy and normalization functionals, quadratic in the odderon wave function Z(r, φ) [13] . Explicitly
Here
α n (ν) is a double Fourier transform of Z(r, φ):
where h andh are the two conformal weights for the holomorphic and antiholomorpic parts of the wave function. They have a general form
For the lowest branch of the odderon spectrum, which leads to the highest intercept, supposedly n = 0. This will always be assumed in the following. For the ground state also ν = 0. D is obtained substituting ǫ n (ν) by unity in (5).
The odderon wave function Z can be considered as a function of z = r exp(iφ) and its conjugate. It has a form
where function Φ has to be invariant under substitutions
which follows from the requirement of Bose symmetry in the three gluons.
Eqs. (4), (5) present a direct way of calculating the odderon energy once its wave function is known. It also opens up a possibility of finding ǫ by variational techniques minimizing the value of (4) in a given space of functions which should satisfy (9) and (10) . Note that if one drops the restricting condition of Bose symmetry (10), then function Z and consequently α n (ν) become abritrary, with the only requirement that (5) exist. Then it becomes clear that the minimal value of E/D is realized by
, which gives ǫ = ǫ 0 (0) = −4 ln 2, that is the pomeron energy. Since the space of functions obeying (10) is smaller, one gets an evident bound [14] ǫ > −4 ln 2 (11) In fact this bound is very crude (cf. (2)).
Theq operator
An operatorq 3 which commutes with the odderon Hamiltonian was found in [6] : 
Evidently, the odderon ground state (nondegenerate) should also be an eigenstate for q 2 3 . But, in contrast to the odderon Hamiltonian H, the operatorq 2 3 is a finite order differential operator, which does not contain logarithms of neither momenta nor coordinates. It splits into a product of two differential operatorsq 3 and its conjugate, each of the third order in complex variables z and z * respectively. In this section we closely follow the derivation of the spectrum ofq 3 given in [9] . The eigenvalue equation forq 3 and its conjugate can easily be obtained using the explicit form (12) . For the holomorphic part of the function Φ (see Eq. (9)) it reads [6, 9] a(z) d
where
This is a third order linear differential equation with three regular singular points at z = 0, 1 and ∞. It has three linearly independent solutions u (0)
i , i = 1, 2, 3 which can be chosen so as to possess a given behaviour in the vicinity of z = 0:
obtained from the characteristic equation corresponding to (13) at small z.
The final eigenfunction Φ(z, z * ) should be constructed as a sum of products of these solutions with those for the antiholomorhic part.
Apart from the Bose symmetry requirements (10) it has also to be a single-valued function in the complex z, z * plane. This latter condition puts evident restrictions on the form of the coupling matrix A (0) . From the behaviour (14) one finds that the function Φ will be uniquely defined in the vicinity of z = 0 if and only if
To have uniqueness around the two other singular points, 1 and ∞, one has to know the behaviour of (15) in their vicinity. Due to the symmetry of the Eq. (13) under the substitutions
one can easily construct two other systems of solutions u 
and similarly for u (∞) (z). The "transfer matrix" R (10) from the solutions u (0) to solutions u (1) , is a constant matrix, which can technically be calculated once the solutions u (1) and u (0) are known. Evidently, in terms of u (1) the wave function Φ can be written
For Φ to be a single valued function of φ in the vicinity of z = 1 it is necessary that A (1) has the same properties (16) as the matrix A (0) . Moreover the Bose symmetry requires that these matrices coincide. This gives an equation
for a matrix A satisfying (16) [9] . It determines both the eigenvalues q 3 and non-zero elements of the matrix A, that is, the eigenfunction Φ(z, z * ) according to (15) . Note that there is no need to additionally require that Φ should be a single valued function of φ around z = ∞, since a contour encircling this point can be made of two contours around z = 0 and z = 1.
In [9] the transfer matrix R was determined numerically from the solutions u calculated as a series in powers of z. Solution of (21) then determined the eigenvalues of q 3 . They are all pure imaginary. The one corresponding to the odderon ground state turned out to be
After that the value (2) for the odderon energy was obtained by JW using their procedure to relate the eigenvalues ofq 3 and H constructed in [8] .
Our calculations use the form of the wave function (15) with the matrix A determined by Eq. (21) as an input to be substituted into (5), which gives the value of the odderon energy directly.
Variational calculations
4.1 Starting point [13, 14] The first calculations of the odderon energy starting from Eqs. (4), (5) were done in the variational technique. In fact, taking some trial function which satisfies (10) and putting it into (4) and (5) This latter problem can be resolved by choosing the trial function as a function of arguments which are invariant under (10) by themselves. One of such arguments was proposed in [13] . Let r = |z| and r 1 = |1 − z|. Then it is easy to see that a = r 2 r 2 1
is invariant under (10). This is not the only argument with this property. Let us take
It is invariant under z → 1 − z and changes sign under z → 1/z, so that b 2 is invariant.
Thus any function Φ(a, b 2 ) will satisfy (10). To further narrow a possible choice of the trial functions, one can impose condition that at z → 0 it has the correct behaviour following from (14) and (15) . Due to invariance under (10) it would mean that it would also have the correct behaviour near the other two singular points z = 1 and z = ∞.
For the ground state h = 1/2 it means that at z → 0
This suggests taking the trial function in the form
In our calculations the trial functions were chosen in a more general form
with N + 1 variational parameters c k , d k and f (one of them is determined by the normalization condition). Note that the last term in Φ contains an azimuthal dependence, which, due to the properties of ǫ n (ν) , can only raise the energy. Therefore one cannot expect any improvement of the variational bound coming from it. Indeed, our calculations incuding this term always lead to f close to zero for the minimizing function.
Accordingly in the following we shall not discuss its influence and use (27) with f = 0.
Function Φ with N = 3, N 1 = 1 was used in the first variational calculations in [13] .
The basic quantity α given by Eq. (7) can be presented in the form
Function f (k) n (ν) has the properties: f
Using them one can restrict the summation over n and integration over ν to nonnegative values. The value of the |α n (ν)| 2 can evidently be expressed via a single function f
n (ν), which will simply be denoted as f n (ν) in the following. In this manner one obtains
where for n > 0
and
The normalization functional D has the same form (30) with ǫ n (ν) → 1. Thus calculation of the odderon energy requires calculation of functions f n (ν) and ǫ n (ν).
The main technical difficulty is the double Fourier transform (29). The energy ǫ n (ν) in E, Eq. (6), monotonously grows both with n and ν. It is negative only for n = 0
and small enough values of ν. So the problem with this formalism is that cutting in The important point in obtaining reliable results has been using analytic asymptotic expansions for f at high n and ν, which are briefly discussed in Appendix.
Numerical procedure
As mentioned numerical integration in the double Fourier transform (29) presents a formidable calculational task. As mentioned, our results were obtained by two groups working independently and using different choices of the number N 1 of logarithmic terms in (27) for a given total number of terms N. We present here in some detail the calculational procedure adopted in the computation with N 1 = 1.
In the integral (29) the integration over r > 1 was transformed to r < 1 by a substitution r → 1/r. The integration over φ was reduced to the interval 0 < φ < π and exp(−nφ) was substituted by 2 cos(nφ). To soften the behaviour of the integrand at small values of r, three first terms of its asymptotics at r → 0 were subtracted and treated in an exact manner. The final formula for f n (ν) used in the calculations was thus
where ζ = Z/r and the subtraction constants are
Eq. (33) was used for numerical calculation of f n (ν) in the interval of 0 ≤ n < 30 and 0 < ν < 15. Integrations were performed by dividing the rectangle 0 < r < 1, 0 < φ < π into an M × M grid, interpolating ζ quadratically on the grid and then doing the integrals explicitly. The maximal value of M was 640. The achieved accuracy was about 10 −5 . Thus calculated values of f n (ν) were summed over n and integrated over ν as indicated in (30)- (32) to obtain E and D. Stable results were obtained with the quite high maximal values n m = 300 and ν m = 150. In the part of (n, ν) space outside the rectangle 0 ≤ n < 30, 0 < ν < 15 the asymptotic expressions were used for f n (ν) (see Appendix). As a result we calculated E and D as a quadratic form in the variational parameters c k , d k . Afterwards the minimal value ǫ of E, subject to condition D = 1, was found by standard methods.
Other calculations used (27) with N 1 = 1 for N = 3, 4 and N 1 = 2 for N = 6. The adopted numerical procedure was different, however the final results, as we shall presently see, are quite similar.
Our results for different number of parameters N are presented in Table 1 Inspecting these results we see that the final accuracy in energy is of the order 5.10 −3 . Also taking N > 6 with N 1 = 1 leads to no improvement within the precision achieved, since the corresponding change in energy is of the same order or less. So our conclusion is that the variational odderon energy with a trial function (27) is given by (3) and that with the accuracy achieved in the course of numerical integration, as described above, the maximal number of terms to be taken in the trial function is N = 6, although already with N = 3 the energy is obtained up to 1%.
Exact wave functions

Problems of precision
In this section we report on the calculations of the odderon energy using Eqs. (4) and (5) Because of this, our first step was to obtain the odderon wave function with a higher precision than reported in [9] . To this end we set up a program which essentially repeats the procedure employed in [9] and allows to reduce discontinuities of Φ calculated in different variables to values of the order 10 −9 . The only difference is that we used the basic functions u i , i = 1, 2, 3, multiplied by appropriate factors to make them real at points where the transfer matrices are calculated. This substantially facilitates achieving the desired accuracy. Our final cutoffs were chosen to be |n| < 300 and |ν| < 150, which proved to be quite sufficient for the determination of ǫ with a precision 0.001.
Ground state energy
Results of our numerical calculation of D and E in the region |n| < 30 and |ν| < 15 using an N x N grid in the (r, φ) plane are presented in the Table 2 for N = 160, 320
and 640.
To these values one has to add the contributions from the asymptotic region de- 
Higher eigenvalues of q 3
We have tried to check the result of [9] also for the excited state with the next higher value of iq 3 . Unfortunately in this case calculations proved to be still more difficult and we could not arrive at a result of a convincing accuracy.
Our precise calculations of the wave function gave for this state:
Numerical calculation of D and E in the region |n| < 15, |ν| < 15 gave results presented in Table 3 . As one observes, the achieved accuracy does not exceed 15%. Analyzing these numbers one can see that all the error comes from the region of maximal |n| and |ν| where the double Fourier transform is apparently performed inaccurately. ¿From these numbers we can only conclude that for this excited state
The value found in [9] is 1.7231... Our result does not contradict this number.
5.4
The case q 3 = 0
We have also studied a degenerate solution for q 3 = 0, discussed in [9] . However in this case we were not able to construct a wave function unique in the (r, φ) plane and satisfying the necessary boundary conditions and symmetry requirements. At q 3 = 0 the solution u (9): the explicit factor r 2h/3 cancels against the leading term r −2h/3 in the productū 3 (z * )u 3 (z) and one gets a constant. In fact the solution with this property can be easily constructed explicitly [12] . It is just a sum of three pomeron wave functions
This function is an evident eigenfunction ofq 3 for zero eigenvalue and it is conformal and Bose symmetric. However it cannot be considered as a physical odderon state, since the Hamiltonian H cannot be applied to it due to its singularities at low gluon momenta. Take the first term, which does not depend on r 3 . Then it is proportional to δ 2 (k 3 ) in the momentum space k 1 , k 2 , k 3 of the three gluons. The part of the odderon Hamiltonian depending on k 3 contains a term proportional to ln k 2 3 and two interactions between the gluons 31 and 32. It can be easily seen that the latter give finite result, applied to a wave function containing δ 2 (k 3 ). The ln k 2 3 , however, is infinite. So H applied to (40) is not defined. This property can also be seen from the approximate relation H ≃ lnq 3 valid for small values of z [5] . Evidently H diverges asq 3 → 0.
Thus our conclusion is that the q 3 = 0 state does not correspond to any physical odderon state.
"Moving" odderon
For conformal weights h = 1 2 + iσ the odderon energy is supposed to behave at small σ as
where ǫ 0 is the value (2) and a is a parameter which determines the diffusion of the odderon wave function in the momentum space. This parameter has long been known for the pomeron to be 14ζ(3) ∼ 16.8 (in units 3α s /π). It is of certain interest to find a for the odderon. To this aim we first found the parameters of the odderon wave function for various (small) σ using the same method as employed for h = 1/2. Our results are presented in Table 4 . The value of iq 3 turned out to be real for arbitrary σ, whereas, with α chosen to be real, both β and γ result complex. We chose α = 1.
Inspecting these figures one immediately notes that |γ| = iq 3 . This relation was predicted by L.N.Lipatov [15] .
With the odderon parameters found, we calculated the odderon energies directly, using the same techique as for σ = 0. With σ different from zero calculation becomes still more cumbersome and time and memory consuming due to lack of certain symmetries and overall complex arithmetics. For these reasons we had to limit ourselves with a maximal 160 x 160 grid in the (r, φ) plane and neglected the contribution from the asymptotical region n > 30, |ν| > 15. Our results are shown in Table 5 together with the ones obtained via the solution of the Baxter equation [16] .
Our energies lie a little below the ones obtained from the Baxter equation, which is natural since we have neglected the asymptotic part of the n, ν. Having this in mind we find a complete agreement between our direct calculation results and the ones based on the Baxter equation. ¿From our energies we find for the parameter a in (41) a = 0.61.
More precise energies found in [14] lead to a = 0.605.
Note however that already at σ = 1 the approximation (41) breaks down and more powers of σ 2 are needed to describe the energy behaviour. It is interesting that the parameter a for the odderon is much smaller than the one for the pomeron. In fact their ratio is of the same order as the ratio of corresponding energies.
Conclusions
Our calculations confirm the results obtained by JW for the perturbative odderon intercept and thus seem to remove any doubts concerning the validity of their procedure to relate theq 3 operator and the Hamiltonian.
The variational calculations give a result for ǫ which is ∼30% larger than the exact value. However they also convey the important message that the intercept of the odderon lies quite close to unity being slightly smaller. In fact, for realistic values of α s , the intercept α O (0) calculated variationally is at most 2% lower than the exact one:
0.94 instead of 0.96.
The disputed eigenvalue q 3 = 0 does not seem to correspond to any physical odderon state.
In the course of the variational calculations a simple approximate form of the odderon wave function is found, which allows a realistic calculation of the odderon residues, important for the study of processes involving the odderon exchange.
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The integration point x = 0 is obviously essential for the asymptotics at high n and ν.
At x → 0, keeping terms up to third order in small ρ and φ, we have (x = √ ρ 2 + φ 2 ): For the term with a logarithm, in the same manner we obtaiñ
where p = k − 1/6 , k = 1, 2, . . . 
